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Ciaude Berge [l, 21 has defined a graph G to be perfect if x(H) = w(H) 
holds for every induced subgraph H of G. (Here x is the chromatic number 
and w  is the largest size of a clique.) He has proposed two conjectures on 
perfect graphs; the first of them (a graph is perfect if and only if its com- 
plement is perfect) has been proved by Lovsisz [3]. Moreover, Lovsisz [4] 
has proved that every nonperfect graph contains an induced subgraph H 
with more than a(H) w(H) vertices. (Here 1y stands for the largest size 
of a stable set.) It follows immediately that every minimal nonperfect graph 
G with ar(G) = 01 and o(G) = w  has exactly n = OIW + 1 vertices. Using 
this result, Padberg [5] has proved that every minimal nonperfect graph 
has exactly n cliques of size w  (resp. stable sets of size a) and their incidence 
vectors form a nonsingular matrix. The results of Lovasz and Padberg 
represent steps towards a proof of Berge’s second conjecture (known as 
the “strong perfect graph conjecture”) which goes as follows. 
CONJECTURE 1. A graph G is perfect if and only if neither G nor its 
complement has an induced subgraph isomorphic to a cycle whose length 
is odd and greater than three. 
We shall denote by Cnk the graph whose vertices can be enumerated as 
u 1, u2 ,..., u, in such a way that ui is adjacent to uj if, and only if, 
1 j - i 1 < k. (Here and elsewhere, the subscript arithmetic is modulo n.) 
Since C&$ is the complement of C,,,, , the strong perfect graph conjecture 
can be stated as follows. 
“If G is a minimal nonperfect graph, then either G = C,k+r or else 
G = C& for some k with k > 2.” 
In attempts to prove the strong perfect graph conjecture, the “either-or” 
dichotomy may create unpleasant obstacles. We offer an equivalent form 
of the conjecture which avoids the either-or feature. 
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CONJECTURE 2. Zf G is a minimal nonperfect graph with a(G) = 01 
and w(G) = w, then G has a spanning subgraph isomorphic to C,w,-:, . 
Padberg’s theorem implies that, in a minimal nonperfect graph G 
with a(G) = 01 and w(G) = w, each vertex is contained in exactly o 
cliques of size w  and in exactly 01 stable sets of size ol; moreover, to each 
clique of size w  there is exactly one stable set of size 01 disjoint from it. This 
means that the subgraph of G formed by its cliques of size w  has a structure 
already very close to C,w,;‘, . Thus the conjucture that it, in fact, is Cz;$ 
may be easier to attack than the original conjecture. 
Since c~(C,,+d = w(C,“,-:3 = k and w(C,,+,) = c~(c,“,-:,) = 2, Con- 
jecture 1 evidently implies Conjecture 2. We shall prove the reversed 
implication. Let G = (V, E) be a minimal nonperfect graph. By Con- 
jecture 2, its vertices can be enumerated as ur , u2 ,..., u,,+~ so that 
u~u~+~ EE (1) 
for each ui E V and each d = 1,2 ,..., w  - 1. 
Case 1. 01 = 2. In this case, we have G = C,W,- as required by 
Conjecture 1 (indeed, the presence of an edge not listed under (1) would 
make w(G) > w  + 1) and so we are done. 
Case 2. w  = 2. We have G = C&+r (an edge not listed under (1) 
would create a proper induced subgraph H of G with x(H) > 2) and so 
we are done again. 
Case 3. 01 > 2 and w  > 2. We shall work towards a contradiction. 
Note that 
uiui+tw $ E (t = 1, 2,..., CII - 1) (2) 
for all ui E V (otherwise the subgraph induced by ui , u~+~ ,..., ui+tw is 
not w-colorable). Writing vi for uiw we enumerate the vertices of G as 
01 9 02 Y-*-Y V aw+l ; then (2) reads 
viVt+t 6 E (t = 1, 2 ,...) a! - 1). (3) 
Now, let X be a clique of size w  in G. By (3), we conclude easily that 
x = {Vi, vi+o )...) Vi+(w-~)~} for some i; equivalently, X = {uj , ui-1 ,...,uj-w+l) 
wherej = iw. Thus we have proved that 
every clique of size w  in G consists of w  consecutive ui’s. (4) 
(This follows immediately from Padberg’s result. However, the above 
argument uses the first principles only and makes the proof self-contained.) 
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Finally, let H be the induced subgraph of G obtained by deleting the 
vertices 
4 3 *co+1 3 %+3 3 
and all utw+Z with t = 2, 3 ,..., 01 - 1, 
and all %A,+~ with d = 4, 5 ,..., w + 1. 
Note that H does not include w-consecutive ui’s. Hence, by (4), we have 
w(H) -c OJ. Since G is minimal nonperfect, H must be (w - 1)-colorable. 
Let us attempt to color H by w  - 1 colors. Proceeding from u1 to 
ut, uq ,..., u(+~)~+~ we find that ul must have the same color as 
u w+2 , uzw+a , uaW+s ,..., u(,-~)~+~ . (Indeed, every two consecutive vertices 
in this sequence have w  - 2 common and mutually adjacent neighbours.) 
But then we are stuck as u(,-~)~+~ u1 E E. 
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